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A self-contained description of algebraic structures, obtained by combinations of various 

^O I limit procedures applied to vertex and face sl{2) elliptic quantum affine algebras, is given. New 

double Yangians structures of dynamical type are in particular defined. Connections between 
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Q^^ ■ these structures are established. A number of them take the form of twist-like actions. These 
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are conjectured to be evaluations of universal twists. 
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^ Cladistics : a system of biological taxonomy that defines taxa uniquely by shared characteristics not found in 
ancestral groups and uses inferred evolutionary relationships to arrange taxa in a branching hierarchy such that all 
members of a given taxon have the same ancestors. 
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1 Introduction 



1.1 Overview 

The study of elliptic quantum algebras, defined with the help of elliptic _R-matrices, has yielded 
a number of algebraic structures relevant to certain integrable systems in quantum mechanics and 
statistical mechanics (noticeably the XYZ model [0], RSOS models P, |] and Sine-Gordon theory 
0, ^). More recently the definition and construction of some scaling limits has led to the notion of 
deformed double Yangian algebras. We will investigate and develop here in great detail the occurrence 
of these and other limit algebraic structures and the pattern of connection in between, in the simplest 
case of an underlying s/(2) algebra. 

Two classes of elliptic solutions to the Yang-Baxter equation have been identified, respectively 
associated with the vertex statistical models P, |^ and the face- type statistical models [|, ||, |]. 
The vertex elliptic /^-matrix for sl{2) was first used by Sklyanin [|10] to construct a two-parameter 
deformation of the enveloping algebra U{sl{2)). The central extension of this structure was proposed 
in [jll| for s/(2), and later extended to Aq,p{sl{N)^) in [l^. Its connection to g-deformed Virasoro 
and Wat algebras |jl3|, |14|, ^ was established in |]16|, |17 . 



The face-type i?-matrices, depending on the extra parameters A belonging to the dual of the Car- 
tan algebra in the underlying algebra, were first used by Felder [|18| to define the algebra Bq^p^x{sl{2)J 
in the i?-matrix approach. Enriquez and Felder [|19[ and Konno introduced a current represen- 
tation, although differences arise in the treatment of the central extension. A slightly different 
structure, also based upon face-type i?-matrices but incorporating extra, Heisenberg algebra genera- 
tors, was introduced as Uq^p{sl{2)) 0, ^. This structure is relevant to the resolution of the quantum 
Calogero-Moser and Ruijsenaar-Schneider models |21|, ^, ^. Another dynamical elliptic algebra. 



denoted ^g^p;^(s/(2)^), was also defined and studied in p4|. It was then interpreted, at the level of 
representation, as a twist oi Aq^p{sl{2) ^ . 

Particular limits of the ^q,p-type algebras were subsequently defined and compared with previ- 
ously known structures. The limit p — »• together with the renormalization of the generators by 
suitable powers of p before taking the limit, leads to the quantum algebra Wq(s/(2)^) such as presented 

25| , 0. It differs from the presentation in |^ by a scalar factor in the i?-matrix. The scaling 



m 



limit of the algebra Aq^p-^T,{sl{2) ^ was also defined in p4| . 

A second limit was considered in p7| , Q (i?-matrix formulation) and |^ (current algebra for- 
mulation). It is defined by taking p = q^'^' (elliptic nome) and z = q^^/^ (spectral parameter) with 
q ^ 1. This algebra, denoted Ah,n{sl{2)^, where i] = - and q ~ e""^ with e ^ 0, is relevant to 
the study of the XX Z model in its gapless regime |2^. It admits a further limit r ^ oo [i] —>■ 0) 
where its i?- matrix becomes identical to the i?- matrix defining the double Yangian VY{sl{2))c (cen- 
trally extended), defined in [^ (Yangian double), [^ (central extension); alternative versions with 
a different normalization are given in [^] (for sl{2)) and ||32[ (for sl{N)). This difference in the 
normalization factors of the i?-matrix, crucial in confronting the centrally extended versions, is the 
exact counterpart of the difference between the presentation oiUq{sl{2)^ 



m 



2§ and |2| 



One must however be careful in this identification in terms of i?-matrix structure since the gener- 



ating functionals (Lax matrices) of these algebras admit different interpretations in terms of modes 
(generators of the enveloping algebra). In the context oi Ah,o{sl{2)J the expansion is done in terms of 
continuous-index Fourier modes of the spectral parameter (see 0, ^); in the context of VY{sl{2))c 
the expansion is done in terms of powers of the spectral parameter (see |2^, ^, |32|). 



It was shown recently that both vertex algebras Aq^p{sl{N)J and face-type algebras Bq^\{sl{N)^) 
were in fact Drinfel'd twists [^ of the quantum group Uq{sl{N)^). Originating with the proposition 



of [^] on face-type algebras, the construction of the twist operators was undertaken in both cases 



by Fr0nsdal [34, 35] and finally achieved at the level of formal universal twists in 1 12, 36 1. In 



p6| , the universal twist is obtained by solving a linear equation introduced in [^, this equation 



playing a fundamental role for complex continuation of 6j symbols. Moreover in the case of finite 
(super) algebras, the convergence of the infinite products defining the twists was also proved in 



This led to a formal construction of universal i?- matrices for the elliptic algebras Aq^p and Bq^x, of 
which the BB and ABF 4x4 matrices are respectively (spin 1/2) evaluation representations. 

1.2 General settings 

Our strategy is to combine in as many patterns as possible the different limit procedures introduced 
previously in the literature; to apply them to cases not already considered, in particular the face type 
algebras Bq^p^\{sl{2)J; and thus to achieve as large as possible a self-contained network of algebraic 
structures extending from the elliptic quantum affine algebras to the afiine Lie algebra U{sl{2)^). 

Before summarizing our investigations, we must first of all define precisely the concepts which we 
will use throughout this paper, so that no ambiguity arises in our statements. 

We shall deal with formal algebraic structures defined by i?-matrix exchange relations between 
formal 2x2 matrix- valued generating functionals denoted Lax operators, using the well-known RLL 



formalism [^. Explicit i?- matrices here are interpreted as evaluation representations of universal 
objects whenever they are known to exist, or conjectural universal objects when not. We shall not 
give any precise definition of the individual generators themselves, i.e. the specific expression of the 
individual generators in terms of spectral parameter dependent Lax operators. These definitions 
would eventually give rise to the fully explicit algebraic structure. For instance we shall not distin- 
guish here between the double Yangian VY{sl{2))c and the scaled algebra An,,o{sl{2)J. Definition 
of, and identification between algebraic structures will therefore be understood at the sole level of 
their i?-matrix presentation, except in explicitly specified cases where we are able to state relations 
between the full (generator-described) exchange structures, or even the Hopf or quasi-Hopf algebraic 
structures. We consider that the existence of such relations is in any case an indication that simi- 
lar connections exist at the level of universal algebras, to be explicitly formulated once the explicit 
algebra generators are defined. 

Similarly we shall manipulate i?-matrices at the level of their evaluation representation of spin 
1/2 (4x4 matrices). Only when we shall use the term "universal", will it mean the abstract algebraic 
object known as universal i?-matrix. The same will apply to twist operators connecting (quasi)-Hopf 



algebraic structures pH] , and the i?-matrices of the algebras. We recall that a twist operator F lives 



in the square A®^ of an algebraic structure; it connects two coproducts in A as Ap{-) = FA{-)F ^, 



and two universal i?-niatrices as Rp = F'^RF ^. Its evaluation representation acts similarly on the 
evaluation representation of the universal i?-niatrices: 

Rl2 = F21R12F12 ■ (1-1) 

As in the previous case of identifications of algebras, we conjecture that occurrence of a relation of 
this form at the level of evaluated i?-matrices is an indication that a similar relation exists at the level 
of universal algebras. We shall therefore denote any such relation between evaluated i?-matrices as 
a "twist-like action" between two algebraic structures respectively characterized by R and R^ , even 
when we do not have explicit proof that a universal twist exists between the universal i?-matrices, 
or the respective coproduct structures. 

A connection of the form ( |1 . 1| ) where F will not depend on any parameter (spectral {z or /3, 
elliptic (p or r) or dynamical {w or s)) will be termed "rigid twist action". 

We must also introduce the notion of homothetical twist-like connection, whereby we mean the 
existence of an invertible matrix F{z) such that two /^-matrices are connected by 

R = f{z,p,q)F2,{z-^)RF,2{z)-\ (1.2) 

where f{z,p,q) is a c-number function. 

At this point, we do not have an interpretation of this kind of relation between algebraic structure. 

We shall come back to this point in the conclusion. 

1.3 General properties of i^-matrices and twists 

All evaluated /^-matrices in this paper will obey one of the following equations, implying the asso- 
ciativity of the exchange algebra. 

• Yang-Baxter equation: 

Ru{z) Risizz') R23{z') = R23{z') Rn{zz') Ru{z) , (1.3) 

Ri2{f3) Rnif^ + 13') R2z{(3') = R23{P') RisiP + (3') RuiP) , (1-4) 

• Dynamical Yang-Baxter equation: 

Ru{z, A + /i(3)) R,,{zz', A) R23{z', A + h^'^) = R2^{z' , A) Rn{zz\ A + /i^^)) R^^^z, A) , (1.5) 

i?i2(/3, A + /i(3)) R^^^[3 + (3'^ A) i?23(/5', A + h^^^) = i?23(/5', A) Ri^{(3 + /?', A + /i^^)) R.^^p^ X) , 

(1.6) 

depending upon the multiplicative or additive nature of the spectral parameter. 

Among the algebraic structures which we consider here, some are known to have Quasitriangular 
Hopf Algebra (QTHA) structure (for instance lAq{sl{2)^, 'DY{sl{2))c) |3^, and others are Quasitri- 
angular Quasi-Hopf Algebra (QTQHA) |Q (for instance Aq^p{sl{2)^, Bq^p^x{sl{2)J). 



Their universal i?-matrices obey the universal Yang-Baxter equation in the first case, 

7^l27^l37^23 = 7^237^l37^l2 (i.r) 

and a more complicated Yang-Baxter-type equation in the second case, involving a cocycle $ G 
21 (8) 21 ® 21: 

7^l2$3127^13$^32^23'^123 = $32l7^23'^23\^13 "^213^12 • (1-8) 

However, in all the cases which are considered here, the /^-matrices, once evaluated, obey the 
Yang-Baxter or dynamical Yang-Baxter equation. 

We now recall the following contingent properties of evaluated i?-matrices. 



Unitarity: 



Rl2{z) R2l{z-^) = 1, 

Ri2{l3) R2i{-f3) = 1, (1.9) 



Crossing-symmetry: 



t2 



RuixY') = (i?i2(g'x)-i^ 

{RuWYT' = {RuiP - 2zn)-'y\ (1.10) 

depending upon the multiplicative or additive nature of the spectral parameter. 

The unitarity relation is not satisfied in most cases: the already known evaluated /^-matrices for 
Aq,p(sl(TjJ, ;B,,p,a(s/(2JJ, Wg,A(si(2JJ only obey the crossing relation ( |LT0D |0|, |12[. We shall meet 



with i?-matrices obeying unitarity relations at the end of the paper, but we have no proof that they 
do correspond to evaluations of universal objects. We shall comment on this in the conclusion. 

We have indicated that Universal Twist Operators JF transform a coproduct A into another one 
A-^(-) = JFA(-)JF^^ and the 7^ matrix into TZ-^ = T2\^J^\2 ■ If iio"w (21, A, 7^) defines a quasi- 
triangular Hopf algebra and T satisfies the cocycle condition 

Tx2{^®^d)J= = J=2'i{id®^)T . (1.11) 

(21, A-^, 7^-^) defines again a quasi-triangular Hopf algebra. If however T satisfies no particular 
cocycle- like relation, (2t, A-^, T?.-^) defines a QTQHA: Vf satisfies then the YB-type equation (|1.8|) . 
An interesting intermediate structure arises when JF satisfies a so-called shifted cocycle condition. 



depending upon a parameter A such that p2|, |T8 



J-i2(A)(A ® %d)T = ^23(A + h^'^){id ® A)^ (1.12) 

where /i G 21. In this case, TZ'^ satisfies the dynamical Yang-Baxter equation ( |1.5| ). 



1.4 Summary 

Our paper is divided into two parts. 

We shall first of all describe the limit procedures whereby the number of parameters in the R- 
matrix description of the algebra (hence including the spectral parameter) is decreased, starting from 
either Aq^p{sl{2)J or Bq^p^\{sl{2)J] we shall define the limit algebraic structures in both cases. These 
limit procedures may go in three (for Aq^p{sl{2)J) or four (for Bq^p^x{sl{2)J) directions: 

• non elliptic limit: one sends p to 0; 

• scaling limit: one sends g to 1, with p = q^'' ^ z = (f^l'^ {z = g^*^/'^ and w = q^^ in the face case, 
where w is related to A, see below); 

• factorization: one "eliminates" the spectral parameter by a Sklyanin-type factorization. At the 



level of the universal algebra this corresponds to a degeneracy homomorphism (see |28|). This 
procedure is only known for vertex algebras at this point. Finite face type algebras however are 
known and shall be considered here, albeit without an established connection with the afiine 
structures. 

• non dynamical limit: in the face case the dynamical parameter A can also be eliminated by a 
procedure which we shall detail in the main body of the text. 

These limit procedures, and combinations thereof, lead to the set of objects described by Figure |I[ 
Already known structures are of course present in the diagram: Bq^p^\{sl{2)^) is the face elliptic, 
centrally extended algebra; Aq^p{sl{2) ^) is the vertex elliptic, centrally extended algebra; lA^{sl{2)^ 
and W^(s/(2)^) are two presentations [^, |12| of the quantum group Uq{sl{2)J [^] connected by a 
conjugation and a twist-like action; VY^^{sl{2)^) is the deformed double Yangian algebra Ah,ri{sl{2)^) 
28[| with h= 1 and r] = 1/r; VY^^{sl{2)J is the deformed double Yangian algebra defined in [|], 



m 



connected to the previous one by a rigid twist; VY{sl{2))c is the double Yangian defined in p9|, pO|] ; 
Uq{sl{2)) is the g-deformed sl{2) algebra; Sq^p{sl{2)) is Sklyanin's elliptic "degenerate" algebra, and 
Ur{sl{2)) is the "degenerate" trigonometric algebra identified with Uq{sl{2)) by g = e"'/''. 

New algebraic structures also appear in this diagram, mostly due to the systematic application of 
the limit procedures to the face algebra Bq^p^\{sl{2)^: VY^. g{sl{2))c is the scaling limit oiBq^p^\{sl{2)^] 
VY~f°{sl{2))c is its s -C limit where the periodic behaviour in s is nevertheless retained; T>Y^{sl{2))c 

is a dynamical deformation of the double Yangian; lJq^\{sl{2) ^ and U^ ^{sl{2) ^ are dynamical de- 
formations oi Uq{sl{2) ^ , respectively homothetical to T>Y~^{sl{2))c and VY^^{sl{2))c by a suitable 
redefinition of the parameters; 'DY^^{sl{2))c is an "elliptic" non dynamical deformation of the double 
Yangian, connected to VY^ {sl{2))c by a twist-like action and homothetical to Uq{sl{2)J by the same 
redefinition of the parameters. Finally Us{sl{2)) and Bq^\{sl{2)) are dynamical deformations of the 
factorized structures a la Sklyanin, although they themselves are not yet understood as originating 
from such a factorization. In addition, we also compare the structures resulting from Bq^p^x{sl{2)^) and 
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the structures derived |2^ in the analysis of ^q_p;^(s/(2)^). These structures are in in fact connected 
by a TLA which we shall describe. 

In order to avoid fastidious repetitions in the body of the text, we state immediately that all these new 
i?-matrices have been explicitly checked to obey the Yang-Baxter equation (|1.3| )- (|1.4| ) or dynamical 
Yang-Baxter equation (pr5| )-(pr6|). Such checks are indeed required since the computational proce- 
dures which yield these -R-matrices may entail regularizations of infinite products. This fact in turn 
potentially invalidates a direct application of these computational procedures to the Yang-Baxter 
equation originally satisfied by the elliptic i?-matrices. 

In the second part we describe the connections which implement the addition of supplementary 
parameters. To be precise: 

• implementation of the elliptic nome p (or r); 

• implementation of the dynamical parameter w (or s); 

• implementation of the quantum parameter q along the scaling limit connections. 

Three types of twist-like actions (TLA) appear: 

i. TLA explicitely proved to be evaluation of universal twists, represented on the figures ||-0 by 
a triple arrow. Most of them have been previously established in the literature, particularly in 
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ii. TLA conjectured to be evaluations of universal twists, represented on the figures ^-|^ by a 
double arrow. All these objects are new. They are either deduced from previously known ones 
by limit procedures or combinations; or explicitly computed from scratch. 

Hi. nomothetical TLA. These are also new; they connect either the affine Lie algebra U{sl{2)J 
with double Yangian or Uq{sl{2)J; or they act as reciprocal of the scaling transformations on 
the vertex or face side. By contrast, let us point out that the first two implementations (of p 
and 1(7 - or r and s) are achieved in all cases by twist-like actions. 

We finally give some indications on further possible investigations in the conclusion. 

Part I 

Structures and Limits 

2 Vertex type algebras 

We will start from the elliptic algebra Ag^p{sl{2)J and take the above described different limits to 
obtain various quantum algebras and deformed double Yangians. 



2.1 Elliptic algebra Aq^p{sl{2)^) 
Let us consider the following /^-matrix B |lT|: 



R{z,q,p) 



T{q^'^z'^) 



fi{z) 



( a{u) d{u) \ 

h[u) c(m) 

c(m) h{u) 

\ d{u) a(M) / 



(2.1^ 



where 



a\u) 

h[u) 
c{u) 
d{u) 



snh(f — m) _^Q^i[(^z^) Qp2{j)q 

snh(f ) 
snh('u) 



snh(f) 



qz~ 



, e,.(^2) 0^^(p^2) 



ep2(p2;2) ep2(g2 



-k snh(w — u) snh(n) = — p ' q z 



1/2 -1 -2 Bp2(z^) 9p2(g^Z^) 



(2.2) 

(2.3) 
(2.4) 
(2.5) 



0p2(p2;2) Qp2{pq'^z'^) 

The function snh(M) is defined by snh(M) = —isn{iu) where sn(ti) is Jacobi's elliptic function with 
modulus k. The variables z, q,p are related to the variables u, v by 



p = exp 



K 



q = — exp 



rev \ 
2k) 



( 'nu\ 



where the elliptic integrals K, K' are given by (with k 
^^ dx 



/2 



K 



1-ey. 
"1 



v/(l-x2)(l-Pa;2) 



and K' 



dx 

y^(l-x2)(l-A;'V) 



(2.6) 



(2.7) 



From now on, we shall consider a, 6, c, (i, as functions of z given by ( p.6| 
The normalization factors are 

1 _ 1 (p2;p2)^ Q^pz') Qp2{q^) 



f^{z) k{z^) {p;p)^ ^p 

^4^-2.^ ^4^ ,'^2,2.^ ^4\ /^^-2.^ ^4\ /^^2,2.^^4 



2 ep2{q^z^) 

iq^z-^;p,q'^)oc iq^z^;p,q'^)oc ipz-^;p,q^)oo (pg^z^p,g'')c 



K(z^] {q^z'^;p,q^)^{q'^z '^]p,q'^)^ {pz'^]p,q^)^ {pq^z 2;p,g4)^ 

?2z2) 



T{q"'z 



1/2 .,-1^ 



-1/2 ®'7'' 

q ' z 



&A^') 



where the infinite multiple products are defined by: 



{z;pi,...,p^). 



n(i 



-^pT ■■■p'i: 



ni>0 



R satisfies the so-called quasi-periodicity property 

Rui-zp'^) = (ai ® 1)-' R2i{z-Y' (^1 ® I) • 
It also obeys the crossing-symmetry property ( 1.10|) , but not unitarity (|1.9|) . 
This matrix defines the elliptic algebra Aq^p{sl{2)J as 

-Ri2(2;i/2;2, q,p) Li{zi) L2{z2) = L2{z2) Li{zi) Ri2{zi/z2, q,p* = pq'"^") 



(2.8) 

(2.9) 

(2.10) 

(2.11) 
(2.12) 

(2.13) 



2.2 Non elliptic limit: quantum affine algebra Uq{sl{2)^) 

Starting from the above i?-matrix of Aq^p{sl{2)^), and taking the hmit p — *> 0, one gets the Ug{sl{2)J 
algebra, with its i?-niatrix given by 



Rviz) 



p{z' 



( \ 













2^2 



1 — q^z^ 1 — q^z 
z{l-q^) q{l-z^) 



1 — q^z'^ 




1 — q^z"^ 




0\ 




1 



(2.14) 



The normahzation factor is 



p{z^ 



-1/2 



(gV;g^)^ 



:^2;g4)^(g4^2.^4 



:2.15) 



It is known [|Tl[] that the algebra Uq{sl{2)J is only obtained after a suitable renormalization of the 
generators of Aq^p{sl{2)J and a subsequent non-continuous limit p — ;► 0. 
The algebra Ug{sl{2)J is then defined by the relations 



Ri2izi/z2)Lf{z^)Lf{z2) 
Ri2{q'^h,/z2)Lt{z,)L,{z2) 



L^{z2)Lf{zi)Ri2{zi/z2) 



L,iz2)Lt{z^)R,2iq-'^'zi/z2). 



:2.16) 
:2.17) 



As indicated in the introduction, we do not discuss the problem of generator expansions here. 
The same caveat will hold throughout the whole paper, viz. we shall assume that suitable, consistent 
expansions of the Lax equations will exist to generate well-defined algebraic structures. 

2.3 Scaling limit 

The so-called scaling limit of an algebra will be understood as the algebra defined by the scaling limit 
of the i?-matrix of the initial structure. It is obtained by setting in the i?-matrix p = q^^ (elliptic 
nome) and z = g*^/'^ (spectral parameter) with g — > 1, and r, P being kept fixed. The spectral 
parameter in the Lax operator is now to be taken as f5. 



2.3.1 Deformed double Yangian VY/^{sl{2))c 

Taking the scaling limit of Aq^p{sl{2)^), one gets the VY^^{sl{2))c algebra. Its i?-matrix takes the 
form pi, H2] (the superscript V^8 is a token of the eight non vanishing entries of the vertex-type 



i?-matrix) : 



/ cos ^ COS ^ 
I 2r 2r 



Rv8{P,r) = pvsiP^r) 



cos 



2r 



sinf cosf cos^ sin I: 



sm 



7r+t/3 



sm 



Tr+if3 



2r ^ 2r 

id ' -K 'in 7r 

COS TT sm TT sm tt cos 75- 

2r 2r 2r 2r 



sm 



sin ^ sin ^ 

2r 2r 



TT+if3 

2r 



sm 



iT+iP 
2r 



\ COS 

The normalization factor is 

Pv8{f3;r) = 



TT+i(3 

2r 



52(-f |r,2)52(l + ^|r,2) t(3 

r5 r^ CUlcLll — — . 

S,Ci\r,2)S2{l-f\r,2) 2 



sin f sin ^ 


\ 


cos^ 












cosf cos^ 


/ 


cos ^+"' 



(2.18) 



2r 



S2{x\uJi, UJ2) is the Barnes' double sine function of periods uji and l<J2 defined by |Q, quoted 

n r I \ r2(ci;i +Ci;2 -X I C^i,Cl^2) 

r2(x I UJi,UJ2) 

where F^ is the multiple Gamma function of order r given by 



m 



2.19) 

M 



(2.20) 



1 ^(XltUi, . . . , UJr 



exp 



[oS 5Z (^ + ^1^1 + 

\ rai,...,nr>0 



rirUJr) 



:2.2r 



This i? matrix satisfies the quasi-periodicity property 

i?i2(/3 - inr) = {ai ® 1)-^ i?2i(-/3)"' (^i ® I) , 

where ai is the usual Pauli matrix. 

It also obeys the crossing-symmetry property (|1.10|) , but not (|1.9| ). 

The algebra VY^^{sl{2))c is then defined by the relation 

Ri2if3i - (32,r) Li(A) L2(/32) = L2{(32) L,{f3,) RuiPi - f32,r 
2.3.2 Double Yangian VY{sl{2))^ 



:2.22l 



^2.23) 



Starting now from the quantum afiine algebra Uq{sl{2)^) and taking its scaling limit, one obtains the 
double Yangian algebra VY{sl{2))c [^. Its i?-matrix is given by 



R{I3) = p{(3) 



( \ 








i/3 





TT 



i/3 + TT i/3 + TT 



0\ 






1 



^2.24) 
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The normalization factor is 



p(/5) 



ri(f |2)ri(2 + f |2) 
ri(i + ^|2)2 



:2.25) 



Taking the hmit r — > oo of the i?- matrix of VY^^{sl{2))c (corresponding to the previous p — > 
hmit), one also gets the double Yangian algebra. 

Notice that in both previous cases, the limit procedure may be applied directly to the Lax matrices, 
leading to the exphcit, continuous labelled algebras, respectively denoted Ah,ri{sl{2)^) and Ahfi{sl{2)J 



The different limit procedures in the vertex case are summarized in Figure 0. 



U,{sli2)^ 



scaling q 



z = q 



i/S/TT 



VY{sl{2)), 



p-^0 



Ap(s^(2)J 



scahng q ^ 1 



z = q^^/'^ ,p = q^"^ 



cxo 



VY:f\sl{2)\ 



Figure 2: The vertex case diagram: limit procedures 



2.4 Finite algebras 

Up to now, the various limits led to affine structures. We now consider another kind of limit where the 
algebra is "factorized" . The resulting structure is based on a finite sl{2) algebra. This is interpreted 
as a highly degenerate consistent representation of the affine algebras at c = 0, where all generators 
are expressed in terms of only four ones. 



2.4.1 Sklyanin algebra 



The Sklyanin algebra [jTO| is constructed from Aq^p{sl{2) ^ taken at c = 0. The i?-matrix ( p.l|) can 
be written as 



R{z) = I ® II + J^ W^{z)a^ O a. 



(2.26) 



a=l 
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where aa are the Pauh matrices and Wa{z) are expressed in terms of the Jacobi eUiptic functions. A 
particular z-dependence of the L{z) operators is chosen, leading to a factorization of the z-dependence 
in the RLL relations. Indeed, setting 

3 

L{z) = So + Y, W^{z)So^a^ , (2.27) 

a=l 

one obtains an algebra with four generators 5° (a = 0, ..., 3) and commutation relations 

[5*0, So] = —iJis^^SjsS^ + S^Sjs) , 

[Sa.Sp] = i{SoS, + S,So) , (2.28) 

where Jan = ,"„ and a, /3, 7 are cyclic permutations of 1, 2, 3. The structure functions Jas 

W^ - 1 

are actually independent of z. Hence we get an algebra where the z-dependence has been dropped 
out. 

2.4.2 Ur{sl{2)) 



The same factorization procedure ( p.26[ - p?27D applied to T>Y^^{sl{2))c leads to a W,.(s/(2)) algebra 



described by (|2.28|) with now Ju = —J31 = tan^ ^ and J23 = 0. We recognize the algebra Uqi{sl{2)) 
if we set q' = e^'^^^ . 

Remark: The scaling limit of the Sklyanin algebra ( 2.28| ) also leads to the algebra lAr{sl{2)). 



2.4.3 Other factorizations 



Applying the factorization procedure (|2.26| - p727|) to the quantum afiine algebra Wq(s/(2)^), one simply 

gets the finite Uq{sl{2)) algebra. 

Let us remark that this algebra is also the p — > limit of the Sklyanin algebra. 

If we finally apply the factorization procedure to the double Yangian DF (s/(2))c, one gets J^p = 0. 
Setting the central generator Sq to 1, we recognize the classical U{sl{2)) algebra. 

Note that U{sl{2)) can also be viewed as: 
i) the r — > 00 limit oilAr{sl{2))] 
zz) the g ^ 1 limit ("scaling limit") oiUg{sl{2)). 
The different limit procedures in the finite vertex case are summarized in figure ^. 

3 Face type algebras 

3.1 Elliptic algebra Bq^p^x{sl(2)^) 

The starting point in the face case is the Bq^p^x{sl{2)^) algebra. Let {h, c, d} be a basis of the Cartan 
subalgebra of (s/(2)^). If r, s, s' are complex numbers, we set A = ^ (s + l)h + s'c + (r + 2)d. The 
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U,{sl{2)) 



U{sl{2)) 



p^O 



r — > oo 



S,,{sl{2)) 



scaling q 



-,2r 



Ur{sl{2)) 



Figure 3: The finite vertex case diagram: limit procedures 

elliptic parameter p and the dynamical parameter w are related to the deformation parameter q by 

p = q , w = q . 

The R matrix of i3g,p,A(s/(2) J is [0, 



R{z;p,w) = p{z;p) 



/ 1 \ 

b{z) c{z) 

clz) biz) 

\ 1/ 



where 



b{z) 
b{z) 
c{z) 
ciz) 



{pw ^q^]p)oo{.pw ^q ^p)oo Qp{.z) 



{pw-^\p)\ 



%{qH) ' 



iwq^;p)oo {wq ,p)oo Qpjz) 
{w,p)lo Qpiq'^z) ' 

Qpiw) Qpiq^z) ' 

0p(g') ep(pw-iz) 



ep(pt^-i) ep(g2z) 



The normalization factor is 



p{z;p) = q' 



1/2 {q^z;p,q^)l^ {pz ^■,p,q^)oo {pq^z ^■,p,q^)c 



{z;p,q'^)oo iq'^z;p,q^)^ 



{pq^z ^;p,q' 



4^2 

oo 



The elliptic algebra Bg^p^x{sl{2)J is then defined by |T8|, |12 



(3.1) 



(3.2) 
(3.3) 
(3.4) 
(3.5) 

(3.6) 



Ri2izi/Z2, \ + h) L.izi, A) ^2(^2, A + h^'^) = L2iz2, A) L.izi, A + h^'^) i?i2(^i/^2, A) . (3.7) 
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3.2 Dynamical quantum affine algebras Uq^x{sl{2)^) 



Starting from the Bg^p^\{sl{2)J _R-matrix, and taking the hmit p ^ 0, one gets the Uq^x{sl{2)J one. 
The R matrix oiUg^x{sl{2)^) is 

/ 1 \ 

q{l-z) {l-q^){l-wz) 



R{z;w) = p{z) 











1 — q'^z (1 — q'^z){l — w) 

^ {l-q^){z-w) q{l-z) {l-wq^){l-wq-^) ^ 



{l-q^z){l-w) (l-q^z) 
\ 







(1-W)2 



1/ 



The normahzation factor is 



p{z) = q 



-1/2 



{q^z; g" 



,2^. ^4\2 

/oo 



3.3 Non dynamical limit 

Taking the hmit w — ;► in Uq^\{sl{2)J, one gets the algebra Uq{sl{2)J with i?-matrix: 



(3i 



(3.9) 



Rf(z) 



P{z) 



/I 






1 — q^z 

z{l-q') 

1 — q^z 



l-q^ 
1 — q'^z 

qji-z) 

1 — g^z 



0\ 




1 



The normahzation factor is 



p{z) = g-V2 



{q^z; q 



4^2 

oo 



^z, q joo 



(g%;g4 



(3.10) 



(3.11) 



Remark 1: The matrix ( p. 141) differs from the matrix ( p.lO|) by rescahng z ^ z'^ and symmetrization 
between the eu ® 621 and 621 ® eu terms. The corresponding algebraic structures will be denoted 
respectively U^{sl(2JJ for (|3A0D and U^(sl{2)J for {^J§. 

Actually, the matrix R{z) is computed from the universal TZ matrix of Uq{sl{2)J by R{z) = (vr (g) 
7t)TZ{z) where vr is a spin 1/2 evaluation representation [^. Implementation of the spectral parameter 
z in the universal 7?. matrix is obtained by 



TZ^z) = Ad{z^ ® 1)71 in the vertex case, 
Tl{z) = Ad{z'^ (g) 1)7^ in the face case. 



(3.12) 
(3.13) 



Hence, the R matrix oi U^{sl{2)^) is associated to the principal gradation of the (s/(2)^) algebra, 
whilst the R matrix U^ {sl{2) J is associated to the homogeneous gradation. 



Remark 2: The scaling limit of the i?-matrix (|3.10|) oi U^{sl{2)J gives back the i?-matrix (|2.24| ) 
oiVY{sl{2)),. 
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3.4 Dynamical deformed double Yangian VY^^{sl{2)) 



Starting again from the Bq^p^x{sl{2)J case, and taking now the scahng hniit p = q^^ (elhptic nome), 
z = g2«/3/7r (^gpectral parameter), w = q^^ (dynamical parameter) with g — ;> 1, one gets a new structure, 
interpreted as a dynamical deformed centrally extended double Yangian VY^^[sl{2))c. 
The R matrix of VY^XsA'^))c is 



i?(/?;r,s)=p(/?;r) 



/ 1 \ 

h{[3) c{/3) 

c(/5) b{P) 

\ 1/ 



where 



m 

c{f3) 

m 
m 



Ti{r — s \ r^ 



sin^ 

r 



ri(r — s + 1 \ r)Ti(r — s — 1 \ r) 
sin ^^±^ sin ^ 



sm 



7r+t/3 



sm — sm 



n+if3 



TUs I r) 



ri(s + l I r)Ti{s- 1 I r) 
sin ^^^ sin ^ 



sinf 



sm — sm — ^^^ 



(3.14) 



(3.15) 
(3.16) 
(3.17) 
(3.18) 



(3.19) 



The normalization factor is the same as formula ( 2.19| ), rewritten as 

(6-r) = Si{l + f\r,2) 

^^ ' 52(¥|r,2)52(2 + ¥|r,2)- 

The algebra VY^^{sl{2))c is then defined by the relations 

RuiPi - /32, A + h) L,{f3^, A) L2(/32, A + h'^'^) = L^ilS^, A) Li(A, A + h^^^) Ru{(3i - (^2, A) . (3.20) 



3.5 Dynamical double Yangian VYg{sl{2))c 

Taking the limit r ^ oo in VY^g{sl{2))c, one gets a new, dynamical, centrally extended double 

Yangian PF,(s/(2))c. 

The R matrix of VYg{sl(2))c is given by 



R{(3) = p{(3) 



( \ 








i/5 





TTS + 2/9 

i/? + vr siifi + vr) 

-Ks —ip s^ — 1 if3 



s{i(3 + it) 




ip + n 



0\ 










(3.21) 
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The normalization factor is 



p(/5) 



ri(f |2)ri(2 + f |2) 
ri(i + ^|2)2 



(3.22) 



Remark 1: This i?- matrix (|3.21 ) is also obtained by taking the scaling limit of the i?-matrix (|3] 

0fW,,A(^J. 

Remark 2: The |s| -^ oo limit of the i?-matrix ( p.21|) gives back the i?-matrix (|2.24|) oi'DY{sl{2)) 



3.6 Dynamical deformed double Yangian VY^f^{sl{2))c in the trigono- 
metric limit 

Starting again from Py^^(s/(2))c and taking s -C 0, but retaining the oscillating behaviour in s, one 
gets VY~f°{sl{2))c, another dynamical deformed centrally extended double Yangian structure. 
The R matrix of VY-^°^{sl{2))^ reads 



R{P;r,s) = p{P;r) 



/I 








sin^ 





sin ^^±^ sin ^ 



sm 



iT+iP 



sin ^^^ sin ^ 

r r 



sin f sin ^ 

e_|_1 . q 1 . iS 

smTT^i^smTr — sm — 

r r r 



sin f sin ^±^ 



sin^^ 

r 



sm 



7r+i/3 














1/ 



(3.23) 



The normalization factor is the same as for T>Y.^g{sl{2))c, see ( p.l9 ). 

Remark 1: The limit r —* oo of the i?-matrix (|3.23|) gives again the i?-matrix ( p.21|) of PX,(s/(2))c. 

Remark 2: Correspondence with Uq^x{sl{2)^ 

The previous R matrix is homothetical to that of Uq^x{sl{2)J by the following identifications of 

parameters: 



z = e 



-2/3/r 



q = e 



in/r 



w = e 



2iTTs/r 



(3.24) 



The same identification of parameters applied to the i?-matrix ( |3.14|) of VY^^{sl{2))c leads to an 
i?-matrix close to that oiUq^x{sl{2)^), but with F-function dependence in the djTiamical parameter. 
This would define a new dynamical algebraic structure U^^{sl{2)J. 
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3.7 Deformed double Yangian VY/ {sl{2))c 

Taking now the limit s — > ioo in VYj.^{sl{2))c, one gets a non dynamical structure VYf{sl{2))c. 
The R matrix of T>Y/'{sl{2))c is given by 



R{P;r)=p{P;r) 



/I 










sm 



i/3 



sm 



-f3/r_ 



TT+ifj 



sm 





a I sin - 



sm 



sm 



7r+^/3 
j/3 ^ 



sm 




7r+i/3 



sm 



r 








1/ 



(3.25) 



The normalization factor is the same as for VY,^ ^{sl{2))c- 

Remark 1: The limit r ^ oo of the i?-matrix ( |3.25| ) gives again the i?-matrix of 'DY{sl{2))c. 

Remark 2: Correspondence with Uq{sl{2)^ 

This matrix is homothetical to that of Uq{sl{2)^) - eq. ( p.lO|) - by the following identifications of 

parameters: 



-2/3/r 



^in/r 



(3.26) 



The different limit procedures in the face case are summarized in Figure ^. 

3.8 Finite dimensional algebras 

By constrast with the vertex case, the finite face-type elliptic algebras have not yet been obtained 
from the afiine algebras by a factorization procedure. The starting point of our description will 



therefore be the i?-matrix representation of Bq^x{sl{2)) given in ||T 



3.8.1 Elliptic algebra Bg^xisl{2)) 
The i?-matrix oi Bq^\{sl{2)) is 

/I 




R{w) = q 



^1/2 







0\ 




w 



w{l — q^) q{l ~ wq^){l — wq ^) 



\ — w 




(1-W)2 





/ 



Remark: The limit w — > of this matrix gives the usual i?-matrix o{Uq{sl{2)) 

/ 1 \ 
R = q-^/^ 



/ 1 \ 

q 1 - g2 

g 

\ 1 / 



(3.27) 



(3.28) 
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J3,,pAsI{2)^ 



scaling g ^ 1 



p^O 



U,,^{sli2) 



Z = g2i/3/7r^p ^ g2'",W = g^'' 



VY(sl{2)\ 




U,isli2\ 



r ^ oo 



VUsl{2)) 




scaling q ^ 1 



z = q 



2iP/TT 



S -^ 200 



s/(2)). 



r — >• oo 



VY{sl{2)\ 



Figure 4: The face case diagram: limit procedures 



3.8.2 Dynamical algebra Us{sl{2)) 

Taking the scaling limit w = q^^ with g — i> 1, we obtain the dynamical algebra lAs{sl{2)) with the 
i?-matrix 



R 



/ 1 \ 

1 s-i 

-s-i 1 - s-2 

\ 1 / 



(3.29) 



The limit |s| ^ oo of (|3.29|) gives I, which is the evaluated i?-matrix of U{sl{2)). It is not 



clear to us whether this particular matrix (|3.29| ) can be used for an RLL formulation of the algebra. 
However, we will show in the second part that it is indeed obtained as evaluation of a universal twist 
action on the universal i?-matrix 1 1 of W(s/(2)). 
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Part II 

Twist operations 



We now describe the twist connections between the various algebraic structures previously defined. 
We first discuss twist-like actions between vertex-type algebras; we then introduce TLAs between 
Uq {sl(2)^ and W^(s/(2)^). We then give the TLA between face-like algebras. The TLAs are classified 
here according to the "arrival" algebraic structure, i.e. with the highest number of parameters. We 
end up with the homothetical TLAs. 



4 Vertex type algebras 

4.1 Twist operator U^{sl(2)^) -^ Aq^p{sl(2)^) 

The existence of a twist operator between U^{sl{2)J and Aq^p{sl{2)J was proved at the level of 
universal matrices in [jl2|. Once the operators are evaluated, one gets 

R[A,,,{d(2U = E^^{z-\p) i?[<(^J] E'lXz^pr^ . 

The twist operator E'^^\z]p) is given by |3^, |3^ 



E^^\z-p)=pe{z-p) 



( aE^z) dE^z) \ 

hE{z) ce{z) 

ce{z) bE{z) 

V dE{z) aE{z) j 



where 



The normalization factor is 



aE{z) ± dE{z 
bE{z) ±ce{z 



Pe{z;p) 



{TP^^'^qz;p)oo 
iTP^/^q~'^z;p)^ 

{Tpqz;p)oo 
iTpq~^z;p)oo ' 

{pz'^;p,q^)oo {pq^z'^;p,q^), 
{pq^z^;p,q'^)l^ 



(4.1) 



(4.2) 



(4.3) 
(4.4) 

(4.5) 



4.2 Deformed double Yangians VY^{sl{2))c 
4.2.1 Deformed double Yangian VY/^{sl{2))^ 

We need to define an algebraic structure not previously derived in this paper. 

The R matrix ( p.l8|) of the deformed double Yangian VY/^{sl{2))c can be related to the two-body 
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S matrix of the Sine-Gordon theory SsGiP,^) by a rigid twist operator. The connection goes as 
follows. One defines the following /2-matrix [ffl: 



/I 



if3 
Rv6iP,r) = cotaiti{—)SsG{P,r) = pveiP^r) 



\ 



i/3 



sm^ 


sm ^ 


sin -+;^ 

sinf 


sin -+;^ 

sinf 


sin-+'^ 

r 


sin-+^^ 

r 



\ 



(4.6) 



Ij 



where pveiP'^f) = Pvsl/^;'")) see ( p.l9| ). This i?-matrix is assumed to define by the RLL formahsm 
an algebraic structure denoted VY^^{sl{2))c. 
One has now 



V6/ 



i?[W/«(s/(2)),] = 7^21 i?[W/^(s/(2))J K 
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(4.7) 



The rigid twist operator K is given by 



K 



( 1 



-I —I 



-1\ 



-1 -i i -1 

-1 i -i -1 

\ 1 i i -I / 



(4. 



Remark 1: We note that 



K = V^V with V 



1 -i 
V2 V -1 -^ 



(4.9) 



This implies an isomorphism between VY^^{sl{2))c and Pyj,^^(s/(2))c where the Lax operators are 
connected by Lys = VLvqV~^. 

Remark 2: The rigid twist leaves invariant the i?-matrix of the undeformed double Yangian, upon 
which V induces an automorphism. 

Remark 3: The R matrix ([4.6|) is homothetical to that of W^(s/(2)^) - eq. ( p.l4| ) - by the following 
identifications of parameters: 



z = e 



-f3/r 



q = e 



in/r 



(4.10) 



Remark 4: By applying the twist K to the i?-matrix (|2.14| ) we obtain an i?-matrix R\U^^{sl{2)^)] 
with eight non-vanishing entries which may equivalently describe Uq{sl{2)J according to remark 1. 
Moreover, R\U^^{sl{2)J] appears to be homothetical to the i?-matrix obtained by redefining the 



parameters of (|2.18| ) according to ( [4.10| ) 
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4.2.2 Twist operator VY{sl{2))c -^ VY^^{sl{2))^ 

The i?-niatrix of VY^^{sl{2))c can be obtained from the i?-niatrix of W{sl{2))c by a twist-like 
action: 



i?[W/«(./(2))d = Eg\-(3;r) i?[W(./(2))J E[l\f3;r)-' . 



mi 



(4.11) 



The twist operator E^'^\(3]r) is the scahng hmit of the twist operator E^^\z^p)^ see eq. ( [1.2|) . It is 
given by 



E^'\P-t) = pE{p-,r) 



( aE{(3) dE{(3) \ 

hE{(3) ce{(3) 

ce{I3) bE{(3) 

V dE{(3) aE{(3) J 



where 



aE^ + dEiP) = 1 



aEiP) - dEiP) 
bE^ + Ce{(3) 
bE{P)-CE{(3) 



ri(r-l + ^|2r) 



ri(r + l + ^|2r) 



ri(2r-l + ^|2r) 
ri(2r + l + f |2r) 



The normahzation factor is 



Voir + 1 + '4 |r,2 



r2(r + f |r,2)r2(r + 2 + f |r,2) ' 

4.2.3 Twist operator VY{sl{2))^ -^ VY^^{sl{2))^ 
Combining the previous two twist-hke actions, one gets 

RiVY^ism),] = Ef^{-p-r) R[VY{sl{2)),] E[^iP;r)-' 

The twist operator E^^\(3]r) is given by E^^^ = K^^E^'^\ that is 



E(3)(/3;r) = ips(/5;r) 



f 1 -1 -1 1 \ 

i{aE - dE){(3) i{bE - ce){(3) i{cE -bE){f3) i{dE - aE){(3) 

i{aE - dE){(3) i{cE-bE){(3) OpE - ce){P) i{dE - aE){(3) 

V -1 -1 -1 -1 / 



(4.12) 



(4.13) 
(4.14) 
(4.15) 
(4.16) 



(4.17) 



(4.18) 



, (4.19) 



where qe, bE, ce, dE are given by the formulae (|4.13|) - ([4.16|) and the normalization factor pe{P', r) by 

(Em- 

The different twist procedures in the vertex case are summarized in Figure ^. 
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5 Vertex to face isomorphism 

The two R matrices ( |2.14| ) and ( |3.10| ) can be related by a twist operator: 



'(6)/^-l 



R[U isli2)M^') = K^l'iz-^) i?K(s/(2)J](z) Kll'iz 



(6), 



(5.1) 



The twist operator K^^'^ is given by 



® 



1 

z-^/' 



(5.2) 



/I \ 

^-1/2 _ f I 
^1/2 ~ V z^/^ 
\0 1/ 

which acts also as a bona fide conjugation since K2i{z^^) = Ki2{z). Moreover, a redefinition of the 
Lax operators in ( p.l6| , ^n7|) as 

^1/2 (5-3) 



L-A^') 



LUz') 



zi/2 ; ^^("^^ V z 

^1/2 c/4 I ^yUJ I ^-V2^c/4 



provides a genuine algebra isomorphism between U^{sl{2)J and Wj^(s/(2)^). 

6 Face type algebras 

6.1 Twist operator U^{sl{2)^) -^ Uq^x{sl(2)c) 

The two R matrices oiU^{sl{2)J and Uq^\{sl{2)^) can be related by a twist operator: 



(5.4) 



i?[W,,.(./(2)J] = Fi\w) i?[<(./(2)J] F,^f\^)-^ . 



(3), 



(6.1) 



The twist operator F^^\w) is given by 



/I 



F^^\ 



w) 







1 




w{q-q 1) ^ 

1 — w 
1 


^0 





1 



o\ 



/ 



(6.2) 



6.2 Dynamical face elliptic affine algebra Bq^p^x{sl{2)J 

6.2.1 Twist operator U^{d(2)J -^ Bg^p^x{sl(2)J 

The existence of a twist operator between lA^{sl{2)^ and Bq^p^\{sl{2)^ was proved at the level of 
universal matrices in |]T2|. Once the operators are evaluated, one gets 



i?[i3,,,,A(^J] = F^Xz~';pM i?[<(^J] f[^{z;p,w) 



(6.3) 
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The twist operator F^^\z;p,w) is given by 

F^^\z;p,w) = pp{z;p) 



( \ \ 

Xn(^) Xi2(^) 

X2l(^) X22{Z) 

\ \ ) 



where 



X2l(^) 
X22(^) 



wq^ q^ _2 

2</^i I ^ ;p,w ^ ) , 

w{q - q'^) , / wq^ pq^ _2 

1 — w \ pw 

pw'^iq- q^^) , f pw~^q^ pq^ n 

-2 ; \ 201 2-1 ',P,PC[ z 

pw~^q^ q^ _2 \ 



q^ q 
The g-hypergeometric function 20i ( c J Q'? -^ ) is defined by 



{q"']q)n{q^]q)n „ 






n-1 



z"' where {x; q)n = 11(1 ~ ^Q^ 



k=0 



The normahzation factor is 



{pz;p,q^)^{pq*z;p,q*)oo 
Pf{z;p) = — 



{pq^z; p, q 



4^2 

oo 



(6.4) 



(6.5) 
(6.6) 
(6.7) 
(6.8) 



(6.9) 



(6.10) 



6.2.2 Twist operator l(g^x{sl{2)J -^ Bg,p,x{sl{2)J 
Combining the last two twist-hke actions, one obtains 

R[Bg,,,x{di2)J] = Fi\z-';p,w) i?[W,,A(^J] fS\z;p,w)~' 
The twist operator F^^\z;p,w) is given by F^^^ = F^^^F^^^ , that is 

/I \ 

F^^\z;w) = pFiz;p) 



where 



X[,iz) X[,iz) 

X!,,{z) X!,,{z) 

\ 1 / 



X[,iz) = Xn(^), 



^(2(^) 



X.2(.)-^^^^^^^Xn(.) 



I — w 



X',,iz) = X2i(z), 



^22 (^) 



X22(.)-^^^ip^X2.(.) 
1 — W 



(6.11) 



(6.12) 



(6.13) 
(6.14) 
(6.15) 
(6.16) 
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and Xij{z) are given in ( |6.5| ). 

The normalization factor pf{z;p) is given by ( p.lOl) . 



6.3 Dynamical double Yangian 'DYg{sl{2))c 
By taking the scahng hmit of the connection (|6.1| ), one gets 

i?[W,(./(2))J = Fit\s) R[VY{sl{2))^] fS\s)-' . 

The twist operator F^'^\s) is the scahng hmit of the twist operator F^^\ see eq. 



i7^(4)(. 



/ 1 








\ 





1 


-S-' 











1 





Vo 








1/ 



(6.17) 
It is given by 

(6.18) 



6.4 Deformed double Yangian VY/{sl{2))c 
6.4.1 Twist operator VYf{sl{2))^ -^ VY/{sl{2))^ 

The two deformed double Yangians VY^{sl{2))c and VY^{sl{2))c obtained from the vertex type 
algebras on one hand, and from face type algebras on the other hand, are related by twist-like 
actions. One has: 



'(6) 



'(6), 



i?[W/(./(2)),](/3) = K^\\-/3) R[VYrisli2)),m Kll\/3) . 
The twist operator K^^^ is actually equal to the twist operator (|5.2|) by setting z = e 



K^''\f3) 



(6.19) 



'/3/r-. 



/ 1 








0\ 





g/3/2r 














e-/3/2r 





vo 








1/ 



(6.20) 



Using the rigid twist operator ( [4.8|) , one gets also: 

R[VYf{sl{2))^m = Kif{-f3) /?[W,^«(s/(2))J(/5) K[f{(3) 
The twist operator K^^^ is given by K^^^ = K^^^K~^, that is 



(6.21) 



/ 



K''\P) = l 



V 



,e/3/2r 
,e-/3/2r 

-1 



iePfir -i^P/'ir -iet^/^r 



-1 -1 



1 \ 



.,e-/3/2r 
-1 



(6.22) 



This twist provides a link between the face type and vertex type double Yangian structures. 
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(6.23) 



6.4.2 Twist operator VY{sl{2))^ -^ VYf{sl{2))^ 

The connection between i?-matrices of VY{sl{2))c and VY/'{sl{2))c can be established by three 
different combinations of previously constructed twist-like actions. These three combinations of 
course give by construction the same twist operator F^'^^ = K^^^E^'^^ = K^^^K^^E^'^\ One has 
therefore 

R[VYf{sl{2)),] = FS\-P;r,)R[VY{sl{2)),] Fg\(5-r)~' . 

The twist operator F^^^ is given by 

/I -1 -1 1 \ 

i{aE - dE)ef''^'^ t{bE - CE)e''/^' i{ce -hE)e''l^' i{dE - aE)e''l^'' 

-1 -1 

(6.24) 
where a^;, fc^;, ce, dE are given by ( |4.13D -( P:.16D and the normalization factor Pe{(3] r) by ( [4.17| ). 



F^'\(3-r) = \pE{P;r) 



\ 



i[aE - dE)e ^Z^"" i{cE - bE)e' 
-1 -1 



/ 



6.5 Trigonometric Dynamical deformed double Yangian VY^^f^{sl{2))c 

6.5.1 Twist operator VYf{sl{2))^ -^ VY-f°{sl{2))^ 

The connection between VYf{sl{2))c and 'DY~f°(sl{2))c is achieved by the twist operator F^^^: 

R[VY-r{sl{2)U = fS\s) R[VYf{sl{2)U F^ (.)"' . (6.25) 

The twist operator F^^^ is actually equal to the twist operator ( |6.2|) by setting q = e^'^l'^ and w = 

p2iTTs/r. 

/ 1 \ 

. , sin - 
1 -e' 



F(3)(, 



, sm - 

^t-Ks/r r_ r\ 




\ 



sm — 

r 

1 

1/ 



(6.26) 



6.5.2 Twist operator VY(sl(2))^ -^ VY-^°°(sl(2))^ 

Combination of two twist-like operations yields the connection between VY{sl{2))c and VY^^g^{sl(2))c: 

R[VY-r{sl{2)),] = Fil'\-P; r, s) R[VY{sl{2)),] F[f\P; r, s)~' . (6.27) 

The twist operator F^^") is given by F^^^) = F(3)fC^), that is 

F(i°)(/3;r,.) = ip^(/5;r) 

/I -1 -1 1 \ 



iiaE - dE)e^ 



iipE - CE)e^ 



iicE - bE)e^ 



1 

i{dE - aE)e^ 



\ 



i{aE - dE)e ^/^'' i{cE - hE)e 
-1 -1 



■^/2r ,(5^ _ c^)e-^/2- i{dE - aE)e-^'^-' 
-1 -1 



/ 



(6.28) 
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where e± = e^/^^ =F e*'^'^/''e ^/^'' g^™/ j/Ll , the functions a^;, 6^;, cg, ci^; are given by the formulae ( [4.13| )- 
(|4.16|) and the normahzation factor pe{P', r) by ([4.17|) . 

6.5.3 Twist operator VY^{sl{2))^ -> VY^-;^°°{sl{2))c 

Again, combination of two twist-hke operations yields the connection between VY^{sl{2))c and 
VY-r{sl{2)),: 



R[VY-r{sl{2)),] = FS\-p-r,s) i?[W,(./(2))J Fg)(/?;r,s)^ 
The twist operator F^^^ is given by F^^^ = f(^°)f(^)~\ that is 



(6.29) 



/I -1 -1-s-i 1 \ 

i{aE-dE)e+ i{hE - CE)e_ i{cE -hE)e_{l - s'^) i{dE - aE)e+ 

i{aE - dE)e-PI^' i{cE - hE)e-fl^' t{bE - c,,)e-^/2-(l - s-') i{dE - aij)e-^/2- 

y -1 -1 -1-s^i -1 J 

(6.30) 

where e±, qe, bs, ce, dE and Pe{P', r) have the same meaning as above. 

6.6 Dynamical deformed double Yangian Py^g(s/(2))c 

6.6.1 Twist operator VY-f°{sl{2))c -^ VY^^^{sl{2))c 

The i?-matrices oiVY~^°°{sl{2))c and VY^^{sl{2))c are connected by a diagonal TLA (not depending 
on the spectral parameter): 



R[VY^^,{sl{2)U = G2i{r,s) i?[W,;°°(./(2))d Gi2(r,s)-^ 
The twist operator G is given by 



G{r, s) 



where 



(6.31) 



/I 








0\ 
















9 






/ 1 0^ 


® 


^ 1 \ 

V g-' J ' 


Vo 








w 









(6.32) 



g{r,s} 



Tih — s \ r) 



Ti{r - s + 1 I r)i/2 Yi{r - s - 1 | r)i/2 



(6.33) 



Remark: Equivalently, G expressed in terms of the parameters q = e^'^l"^ and w = e^'^'^^l"^ realizes a 
TLA between Uq^\{sl{2)J and U^.^{sl{2)J defined in remark 2, Section [3l6 . 
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6.6.2 Twist operator VY^{sl{2))^ -^ Di;,(s/(2))c 
Combining the last two twists, one gets: 

The twist operator F^^^ is given by F^^^ = GF^^\ that is 

F^'\P;r,s) = lpE{P;r) 

( \ -1 -1 - s-^ 1 \ 

i{aE - dE)e+g~^ i{bE - CE)e-g~^ i{cE - bE)e-{l - s'^)g'^ i{dE - aE)e+g~^ 

i{aE-dE)e-^'^'-g i{cE -hE)e-'^/^^g i{hE - CE)e-P/^''{l - s-^)g i{dE - aE)e-'^/^''g 



(6.34) 



V 



-1-s 



-1 



/ 

(6.35) 



where e±, aE,bE,CE, dE and pE{f3', r) have the same meaning as above and g is given by ( |6.33| ). 

6.6.3 Twist operator VY{sl{2))^ -^ I?i;,(s/(2))c 
Similarly, by a combination of previous twists, one gets: 

i?[Pi;_,(s/(2))J = F!,f{-(3-r,s) R[VY{sl{2)),] FS\P;r,s)~' . (6.36) 

The twist operator F^^^ is given by F^^) = GF^^^\ that is 

F(2)(/5;r,s) = ips(/3;r) 

/I -1 -1 1 \ 

i{aE - dE)e+g~'^ i{hE - CE)e^g'^ i{cE - bE)e^g''^ i{dE - aE)e+g'^ 



t{aE-dE)e-^/''-g z{cE-bE)e-''/^^'g i{bE - CE)e-f/^'- g i{dE - aE)e-^'^'g 
-1 -1 -1 -1 



/ 



V -1 

where e±, a^;, 6^;, c^;, dE and Pe{.I3] r) have the same meaning as above and g is given by ( |6.33| ). 
6.6.4 Twist operator VYf{sl{2))e -^ VY^^{sl{2))c 



(6.37) 



Finally, connection between VYf{sl{2))c and VY^^{sl{2))c is provided by 

R[VY^^,{sl{2)U = Fil'\r,s) R[VYf{sl{2)U Fi','\r,s) 
The twist operator F^^^^ is given by F^^^^ = GF^^\ that is 

/ 1 \ 

^^^,^ sin 7 _-, 



(6.38) 



^7^(11), 



r, s 



, sm - , 
g^^ -e'W^^ — n-g-^ 




\ 



sm 

9 





1/ 



(6.39) 



where g is given by ( |6.33| ). 

The different twist procedures in the face case are summarized in Figure M. 
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6.7 Connections with Aq^p-Tr{sl{'2)J and derived algebras 

6.7.1 Twist i3,,p,A(s7(2) J ^ A,P;-(5^)c) 

^q,p:n{sl{2)^) glveii ill ^^ (actually their i?^-niatrix) is 
/I 



The i?-matrix of ^„ 



R = z^/^'p{z) 












Qp{z)Qp{q-^w) Qp{zw)Qp{q^ 
ej,{q^z)ep{w) 

e,{z~'w)ep{q') 



Qp{q^z)Qp{w) 
Qp{z)Q,{q^w) 







Qp{q^z)Qp{w) 






1/ 



(6.40) 



ep(g2z)ep(^) 

\ 

where p(2) is the same as ( ^■6D . This i?-matrix is obtained from ( |3.1| ) by exchanging factors in 6 and 
b so as to reconstruct a full 0-function dependence and correcting the z^/^^ factor. All this can be 



achieved by a factorized diagonal twist of the form of G (|6.32| ) 



6.7.2 Twist VY-°-{sl{2)), -^ A,„;.(s/(2)^ 



Again, the _R-matrix of the scaling limit An.,rj;Trisl{2)J ||2^ of ^^^.7^(^/(2)^) can be obtained from that 
of VY~^°°{sl{2))c ( ^.23| ) by a factorized diagonal twist. It also has the form of G ( |6.32D , with now 

2 sinyrfs— l)/r 

q = — r-^^ — f^. 

6.8 Finite dimensional algebras 

In both cases where TLA actions are known for non afiine algebras, they are evaluations of universal 

twists. 



6.8.1 Elliptic algebra Bq^x{sl{2)) 



The twist operator that links Uq{sl{2)) to Bq^\{sl{2)) is [^ 

/ 1 



^(i)| 



w) 



The universal form of the twist is |^ 

{q^wY{q — q~^Y 



H^) = E 



o\ 



1 (i^i:> 

I — w 
1 

1 



{etr ® (tfy 



where 



n-l 



{x;q)n = Ylil 



xq 



i=0 



(6.41) 



(6.42) 



(6.43) 
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6.8.2 Dynamical algebra Us{sl{2)) 

Its R matrix can be obtained by action of the twist 



on the R matrix of W(s/(2)): R = 14x4. 

We find the universal form of the twist to be 



/I 








0\ 





1 


-S-' 











1 





Vo 








1/ 



(6.44) 



oo ^ /n— 1 \ 

n=0 ■ \fc=0 / 



-1 



r 



(6.45) 



This twist is the scaling limit of the universal twist ( |6.42| ). We checked that it satisfies the shifted 
cocycle condition (|1.12| ). 



7 Homothetical twists 

We recall that homothetical TLAs connect two i?-matrices up to a scalar factor: 

R = f{z,v,q)F2i{z-^)RFi2{zr' . 
From now on, we shall denote such a relation by: 

R ~ F2i{z-^)RFr2{z)-^ . 



(7.1) 



(7.2) 



We now describe two sets of homothetical TLAs. The first one starts from the unit evaluated R- 
matrix oiU{sl{2)^ and leads to unitary i?-matrices. The second one goes backwards along direction 
of the scaling limits. 

It is important to notice at this point that the Lie algebraic structure of W(s/(2)^) is not described 
by the RLL formalism using its unit i?-matrix (this was also the case for U{sl{2))). In fact, the Lie 
algebraic structure is described by the semi-classical r-matrix, i.e. the next-to-leading order of the 
evaluated universal i?-matrix oilAq{sl{2)^). 

7.1 Unitary matrices 

Four homothetical TLAs can be defined between the unit matrix and the vertex quantum affine 
algebras. By construction, a TLA on the unit matrix will lead to unitary i?-matrices, while vertex 
quantum affine algebras are defined by crossing-symmetry but non-unitary i?-matrices. 
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7.1.1 Twist operator W(sZ(2) J -^ U^{sl{2)^ 



R[U,{sl{2)^ 
The twist operator H^^\z) is given by 



H^^{z-')^H\S{zr' 



( \ \ 

l/2^(-l-e)/2 _ l/2^(l+e)/2 l/2_2(-l+e)/2 _ -l/2^(l-e)/2 



ff«( 







9 



g 

qz^^ — q^^z 



qz~^ — q^^z 







^l/2^(-l+e)/2 _ ^-l/2^(\~e)/2 ^l/2_2(-l-e)/2 _ ^-l/2^(l+e)/2 



qz^^ — q ^z 



\ 

where e is an arbitrary non- vanishing parameter. 

7.1.2 Twist operator W(s7(2)J -^ Aq,p{sU^)^, 



qz~^ — q~^z 




1/ 



(7.3) 



(7.4) 



i?[A,(^J] ~ i7g)(^-i)]Ii7;^)(^)-i 
The twist operator H^'^\z) is given by 



ff(2)(, 



f A D\ 

B C 

C B 

\ D A J 



such that 



A{l/z)±D{l/z) = [a{z)±d{z)][A{z)±D{z)] 
Bil/z)±C{l/z) = [biz)±c{z)][Biz)±C{z)]., 



(7.5) 



(7.6) 



(7.7) 



the functions a, b, c, d being the entries of the i?-matrix of Aq^p{sl{2)J ( ^3]) . Solutions of (|7.7|) , 
viewed as a system of functional equations for A, B, C, D, do exist since the functions a ± d, b ± c 
(|2.2|) - (|2.5| ) all have precisely the form f{z)/f{z~^). One can choose for instance 



A{z)±D{z) = {Tq-^z-^p'"-p)^{Tqzp"']p)o. 
B{z)±C{z) = f{z) {Tpq-lz'^;p)^{Tpqz;p)c 



where 



/W 



gl/2;,-l _ q-l/2^ ± ^1/2 ^ ^-1/2 



g^ ^ — q ^z 



(7.8) 
(7.9) 



(7.10) 
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7.1.3 Twist operator W(sZ(2)J -^ VY{sl{2))c 

R[VY{sl{2m ~ HS\-P)lHif{P)-'. 
The twist operator H^^\P) is given by 



/ 1 



h^'^XP) 



o\ 



n - 1/3(1 + e) TT - t(3{l - e) 

2(7r - i/3) 2(7r - ip) 

TT - ^/3(1 - e) 7r-tf5{l + e) 

2(7r - i/?) 2(7r - i/?) 

\ 1 / 



(7.11^ 



(7.12) 



7.1.4 Twist operator U{sl{2)J -^ VY/^{sl{2))c 

R[DYrisl{2)),] ~ H^t\-/3) ^ Hlt\p)-' . 
The twist operator H^^^ (/?) is given by 



/I 



i7(^)(/3) 





TT—if3—ei/3 



sm „ 

2r 



sm 



\ 

TT— i/3+ei/3 



2r 



sm 



TT — if3 



sm 



TT — if3 



- 2r 



sm 



TT—i/S—eip 
2r 



sm 
\ 



TT — if3 



sm 



TT — if3 
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7.2 Inverse scaling procedures 

7.2.1 Inverse scaling procedure VY{sl{2))c to UY {sl{2) 



(7.13) 



(7.14) 



Using the correspondence ( |4.1CI| ), the formula ( ^.19| ) gives a homothetical twist between 'DY{sl{2))c 
and W^(s/(2)^), that is, the inverse of the scaling procedure lA^ [sl{2)^ — > VY{sl{2))c. 



R[U^{sl{2)Mz = e-'^^,q = e 



^in/r\ 



(3), 



E^,f{-P;r) R[VY{sl{2)),mr) E[i\(3;rr' . (7.15) 



7.2.2 Inverse scaling procedure VY^^{sl{2))c to Aq^p{sl{2)^) 



The identification between the R matrices of U^ {sl{2)J and VY^ {sl{2))c through the formulae 
(|4.1CI|) allows us to get a homothetical twist operator between VY/^{sl{2))c and Aq^p{sl{2)^), that is, 
the inverse of the scaling procedure Aq^p{sl{2)^) — > VY^^{sl{2))c. More precisely, one has: 



^in/r 



(4)r.-l. 



-V8/ 



^(4), 



R[AUsli2)J]{z = e-^l\q = e^/^ ~ i^^r(^~^P) i?[W^«(./(2)),](/3; r) i?l^^(z;p) 



(7.16) 
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The twist operator E^'^\z,p) is given by E^^^ = E^^^K ^, that is 

/ {ttE - ds) -{aE + ds) -{aE + ds) {aE - dE) \ 

p(4)/^ „A _ 1 ^ /^.„^ UPe + ce) UPe-ce) i{cE-bE) -UPe + ce) 

[Z,p) ^PE[Z,p)\ ^^^^^^^) t{cE-bE) tibE-CE) -t{bE + Ce) 

\{dE-aE) -{aE + dE) -{aE + dE) {dE - aE) J 



(7.17) 



where aE, bE-, ce, dE are given by the formulae ( ^73| , |4^ ) and the normahzation factor Pe{z; p) by ( ^4.5| ). 



7.2.3 Inverse scaling procedure VY{sl{2))c to U^{sl{2)J 

Using the correspondence ( |3.26| ), the formula (|6.24|) gives a homothetical twist between VY{sl{2))c 
and Ug{sl{2)^), that is, the inverse of the scaling procedure U^{sl{2)^ —> VY{sl{2))c: 



R[U {sl{2)J]{z = e-''/^,q = e 



^iTT/r\ 



Fg\-P-T) R[VY{sI{2)),]{P-t) Fll\(3;r)-' . (7.18) 



(7)/ 



7.2.4 Inverse scaling procedure VY^{sl{2))c to Uq^\{sl{2) ^ 

Using the correspondence ( |3.24| ), the formula ( |6.3CI| ) gives a homothetical twist between VYg{sl{2))c 
and Uq^x{sl{2)J, that is, the inverse of the scaling procedure lAq^\{sl{2) ^ -^ 'DYg{sl{2))c. 



R[Uq,x{sl{2)^)]{z = e-^''l\q = e 



^i-KJr 



w = e 



2i7Ts/r\ 



Fi\-(3;r,s) R[VY^{sl{2)),mr) F|«^(/3; r, s)"^ 

(7.19) 



7.2.5 Inverse scaling procedure VY^ g{sl{2))c to Bq^p^x{sl{2)J 

The identification between the R matrices of Wg,A(s/(2)^) and VYj7g°°{sl{2))c through the formulae 
(|3.24|) allows us to get a homothetical twist operator between VYj.g{sl{2))c and Bq^p^\{sl{2)J, that 
is, the inverse of the scaling procedure Bq^p^x{sl{2)J — > VY^,,{sl{2))c. One has: 



.(9) 



(9), 



R[Bq,p,,{sl{2)J] ~ F^t'{^;P,w) RPK,s{sm))c] Fll>{z;p, 



w] 



The twist operator F^^) is given by F^^) = F^^^G"^ = F^^^F^^) ^G^S that 



IS 



F^^\z;p,w) 



/ 1 \ 

gXu ^-i(Xi2 - ^to^Xn) 

gX,, g-\X,,-^^^^^X,,) 

y 1 / 



1 

where the Xij{z) are given by the formulae ( |6.5|) , g is given by (|6.33| ). 



^7.20) 



(7.21) 



32 



U,{sl{2)^ 



E^^\z-p) 



VY{sl{2)), 



E^^\z]p) 



E^'HPy 



E^^\(3v 



VY^\sl{2)), 



AM{'^)c) 



VY^\sl{2)\ 




E^^\z;p) 
Figure 5: The vertex case diagram: twist procedures 



i?(9) 



i3,,,,,(s/(2)J - 



i?(5) 



K,,x{sl{2) 




VY(sl{2)\ 



i?{6) 



VYXsl{2)) 




F(7) 



U,{sl{2l 



VY{sl{2)\ 



Figure 6: The face case diagram: twist procedures. 
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u,Mm) 



U,{sl{2)) 





U,{sl{2)) 



U{sl{2)) 



Figure 7: The finite face case diagram: twist procedures. 



8 Conclusion 

We liave now constructed several i?-niatrix representations for algebraic structures, deduced from 
vertex or face elliptic quantum s/(2) algebras by suitable limit procedures. We have shown that these 
structures exhibited associativity properties characterized by (dynamical) Yang-Baxter equations for 
their evaluated /?- matrices. Finally, we have constructed a reciprocal set of twist-like transformations, 
acting on the evaluated /2-matrices canonically as RJ2 = T21R12T12 ■ 

The next step is now to try to get explicit universal formulae for these /^-matrices and twist 
operators. This in turn requires to specify the exact form under which individual generators are 
encapsulated in the Lax matrices, and obtain thus the full description of the associative algebras 
which we wish to study. 

Let us immediately indicate that we need in particular to separate (as is explained in [^) the 
two algebraic structures contained in the single i?-matrix formulations labelled here as (deformed) 
(dynamical) double Yangians VY (s/(2))c. Expansion of the Lax matrix in terms of integer labelled 
generators will lead to the (deformed) (dynamical) versions of the genuine double Yangian [^, ^ 
31|, ^; expansion in terms of Fourier modes by a contour integral will lead to the "scaled elliptic" 
algebras 0, |2^ more correctly labelled An^r){.sl{2) ^ . Once this is done, we can then start to investigate 



the following issues 

- Representations, vertex operators. 

- Hopf or quasi-Hopf algebra structure, leading to: 

- Universal i?-matrices and twists. 

Concerning these last two points a number of already known explicit results lead us to draw 
reasonable conjectures on some of the newly discovered algebraic structures in our work. 
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8.1 Known universal i?- matrices and twists 



Universal i?-matrices are known for Uq{sl{2)J ^■, Aq^p{sl{2)J and Bg^p^x{sl{2)J |T2|, |T|]; 



Bq^x{sl{2)) ||4T|]. They are also known for the double Yangian VY{sl{N))c |0 (proved for N = 2, 
conjectured for A^ > 3). Universal twists have been constructed in the finite-algebra case from 
Ug{sl{N)) to Bg^x{sl{N)) PI, [1|, |3|]; and in the affine case from Uq(sl(2)^) to Aq,p(si{2)j ^ and 
Bq,p,xfii2)^) mi 



8.2 Conjectures 

We therefore expect that universal i?-matrices and twist operators may be obtained for the complete 
set of algebraic structures represented by Figure |] in the vertex case and Figure ^ in the face case. The 
structures VY (s/(2))c are here to be interpreted as genuine, integer-labelled double Yangians. The 
explicit construction of universal objects in this frame seems achievable, along the lines followed in 
[ pO| and [^. The problem of constructing universal objects associated with the continuous-labelled 
algebras of ^^i^^-type is more delicate, since one needs in particular to contrive a direct universal 
connection between continuous-labelled generators in Ah,ri and discrete-labelled generators in Aqp, 
or between Anfl and lAq{sl{2)^. 

8.3 The case of unitary matrices 

We have described in Section |^ homothetical twist-like connections between 114x4, interpreted as the 
evaluated i?-matrix I for the centrally extended algebra U{sl{2)J, and unitary i?-matrices realizing 
a i?LL-structure "proportional" to lAq{sl{2)^. Interpretation of this -RLL-structure, and its de- 
rived relations at elliptic level, remains obscure. The canonical construction of universal i?-matrices 
for Uq{sl{2)^ [^ and their subsequent evaluation |^ leaves open the possibility of an alternative 



construction of universal -^ evaluated i?-matrix which lead to unitary (and crossing-symmetrical) R- 
matrices; it may arise either by dropping the triangularity requirement TZ & Bj^®B_ d Uq{sl{2)J ® 
L(q{sl{2)J, or by relaxing analyticity constraints on the evaluated i?-matrix. 

nomothetical TLAs also appear between double Yangian-like structures and their antecedent struc- 
tures through the scaling procedure. The same possibilities hold for the differently normalized 
i?-matrix structures obtained by applications of these homothetical TLAs. 

8.4 The notion of dynamical elliptic algebra 

Finally let us briefly comment on the notion of "dynamical" algebraic structure. This notion was 
applied throughout this paper to algebras incorporating an extra parameter A belonging to the 
Cartan algebra, subsequently shifted along a general Cartan algebra direction. This shift is therefore 
retained in the Yang-Baxter equation for evaluated i?-matrices of face type (but not of vertex type, 
for which the extra parameter is simply a c-number and the shift takes place along the central charge 
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direction, set to zero in the evaluation representation 0). A particular illustration of this fact arises 



in the case of classical and quantum /2-niatrix for Calogero-Moser models |2T| where A is identified 
with the momentum of the Calogero-Moser particles, hence the denomination "dynamical" for the 
i?-matrices. In the algebraic structures described here however, A is not yet promoted to the role of 

generator, hence this denomination is slightly abusive. There exists however at least one example 

d 

of algebraic structure, Uq.p{sl{2)^ [0, ^, where A and its conjugate ^-- are "added" to the algebra 

Bq,p,x{sl{2)^)] however Uq^p{sl{2)^ is not a Hopf, even quasi- Hopf, algebra. We expect therefore 
that similar genuinely dynamical algebraic structures may be associated in the same way to all 
"dynamical" algebras described here, and may play important role in solving the models where such 
algebras arise. 
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